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Abstract—A classification function is a multi-valued function,
where the function values for only a fraction of the input
combinations are defined. Many variables in such a function are
redundant, and can be eliminated. Using linear transformation,
we can further reduce the number of variables. The problem
is to find the linear transformation that minimizes the number
of variables. This paper considers iterative methods s-MIN to
reduce the number of variables, by replacing a set of s variables
with other set of s − 1 variables, by linear transformations. It
requires memory with the size O(nk), where n is the number of
input variables, and k is the number of the registered vectors. The
time complexity is O(nsk log k). We compare the performance of
various linear transformations by experiments. Also, we show a
method to use s-MIN as a pre-processor for other minimizer to
reduce total computation time.

Index Terms—classification, functional decomposition, linear
transformation, minimization of variables, MNIST, partially
defined function.

I. INTRODUCTION

A classification function is a multi-valued function, where
the function values for only a fraction of the input combina-
tions are defined. In such a function, many variables are redun-
dant, and can be eliminated. A variable that can be represented
as an EXOR of variables is called a compound variable. By
using compound variables, the number of variables to repre-
sent a classification function can be further reduced. Fig. 1.1
[3] shows a circuit to represent a classification function, where
L realizes linear functions i.e., compound variables, and G
realizes general functions. We assume that L is implemented
by EXOR gates, while G is implemented by a memory. When
n, the number of input variables, is large, the cost for L can
be neglected. To reduce p, the number of compound variables,
we must find the linear transformation that minimizes p. In
general, to obtain a good linear transformation, we need large
memory and much CPU time. Various algorithms [9] have
been developed to solve this problem.

In this paper, we consider an algorithm called s-MIN that
reduces the number of variables by iteratively applying simple
linear transformations.

The rest of the paper is organized as follows: Section II
shows the definitions and basic properties of classification
functions and linear decomposition; Section III introduces
collision degree and shows its properties; Section IV shows
s-MIN, iterative methods for linear transformations to reduce
the number of compound variables; Section V analyzes linear
transformations using matrices; Section VI reviews existing
methods to reduce the number of variables; Section VII shows
experimental results; Section VIII shows a method to use s-
MIN as a preprocessor to reduce total CPU time with other
minimizer, and finally Section IX concludes the paper.
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Fig. 1.1. Linear decomposition.

II. DEFINITIONS AND BASIC PROPERTIES

Definition 2.1 Let n be the number of variables, B =
{0, 1}, D ⊂ Bn, m be the number of classes, and M =
{1, 2, . . . ,m}. Then, a classification function is a mapping:
f : D → M.

Example 2.1 Table 2.1 is a registered vector table of a
classification function. It shows the function with n = 3,
m = 3, and |D| = 4. Each vector in the table is a registered
vector. There are 23 possible input combinations, but the
function is defined for only 4 combinations. For the other
8− 4 = 4 combinations, function values are undefined.

TABLE 2.1
CLASSIFICATION FUNCTION f .

x1 x2 x3 f
0 0 0 3
0 0 1 1
0 1 0 2
1 0 0 1

Consider the decomposition of the function shown in Fig. 1.1,
where L contains a linear function, while G contains a general
function. The cost of L is O(np), while the cost of G is
O(q2p). When n is large, the cost of L can be neglected.
The functions produced by the circuit L in Fig. 1.1 have the
form:

yi = a1x1 ⊕ a2x2 ⊕ · · · ⊕ anxn,

where aj ∈ {0, 1}. yi is called a compound variable.
∑n

i=1 ai
is the compound degree. When the compound degree is one,
yi is called a primitive variable.

III. COLLISION DEGREE AND ITS PROPERTIES

In this section, we introduce collision degree to find a good
linear transformation efficiently.



TABLE 3.1
CLASSIFICATION FUNCTION g.

y1 x2 x3 g
0 0 0 3
1 0 1 1
0 1 0 2
1 0 0 1

Definition 3.1 Let f(X) be a classification function, where
X = {x1, x2, . . . , xn} is the set of variables in f . Let X1 ⊂
X . Let �X1 be an ordered set of X1. Then, �X1 is a partial
vector of X . Suppose that the values of �X1 are set to �a =
(a1, a2, . . . , as), where ai ∈ B, and s denotes the number of
variables in X1. Let N(f, �X1,�a) be the number of different
specified values of f . Then, the collision degree is

CD(f : X1) = max
�a∈Bs

{
N(f, �X1,�a)

}
.

Example 3.1 Consider the classification function f shown in
Table 2.1. We have:

N(f, (x1, x2), (0, 0)) = |{1, 3}| = 2,

N(f, (x1, x2), (0, 1)) = |{2}| = 1,

N(f, (x1, x2), (1, 0)) = |{1}| = 1,

N(f, (x1, x2), (1, 1)) = |∅| = 0.

Lemma 3.1 Consider the decomposition chart of f(X),
where X1 specifies the variables labeling the columns and
X − X1 denotes the variables labeling the rows. Then,
N(f, �X1,�a) shows the number of different specified values
in the column for �a, and the collision degree CD(f : X1) is
the maximal number of different values in the columns.

Example 3.2 The map in the left-hand side of Fig. 3.1 can
be considered as the decomposition chart of the classification
function shown in Table 2.1. In this chart, the column variables
are X1 = {x1, x2}, and blank elements show don’t cares.
The number of different specified values in each column is,
from the left to the right, 2, 1, 0, 1. Note that the leftmost
column has the maximum number of different values, 2. Thus,
CD(f : {x1, x2}) = 2.

x1

x3

x2

x3

Fig. 3.1. Maps for Classification Function.

Example 3.3 Consider the classification function g shown in
Table 3.1. This table is derived from Table 2.1 by replacing
x1 with y1 = x1 ⊕ x3. Since CD(g : {y1, x2}) = 1, g can be
represented with only y1 and x2. The map in the right-hand
side of Fig. 3.1 shows g. For example, g can be represented
as

G = 1 · y1 ∨ 2 · ȳ1x2 ∨ 3 · ȳ1x̄2,

where the symbol ∨ denotes the max operator, and
f(x1, x2, x3) = g(y1, x2).

However, f in Table 2.1 requires three variables to represent
the function:

F = 1 · x1x̄2x̄3 ∨ 2 · x̄1x2x̄3 ∨ 3 · x̄1x̄2x̄3 ∨ 1 · x̄1x̄2x3.

When x3 = 1, the element in the leftmost column of Fig. 3.1
is moved to the rightmost column by the linear transformation:
y1 = x1 ⊕ x3.

A classification function f(X) can be represented by a
subset X1 of X if every assignment of values to the variables
X1 uniquely specifies the value of f .

Theorem 3.1 Let f(X) be a classification function, and X1

be a proper subset of X . Then,
• f can be represented as a function of X1, if CD(f :

X1) = 1.
• At least �log2 CD(f : X1)� compound variables are

necessary in addition to the variables in X1 to represent
f(X).

Corollary 3.1 Let f(X) be a classification function, and let
X1 be a proper subset of X . A necessary condition that f can
be represented by X1 and

• one compound variable is CD(f : X1) = 2.
• a pair of compound variables is CD(f : X1) ≤ 4.
• a triple of compound variable is CD(f : X1) ≤ 8.
• a quadruple of compound variables is CD(f : X1) ≤ 16.

IV. s-MIN METHOD

Finding a linear transformation that minimizes the number
of compound variables p in a classification function, is very
difficult. Various heuristic methods are known [9]. Most meth-
ods require a large amount of memory and long CPU time.

Here, we use the s-MIN method1, where a set of s variables
in X1 is replaced with a set of s− 1 compound variables. If
the resulting set of variables represents f , then we perform
this replacement. In this section, we show the s-MIN method.

A. Algorithm

For simplicity, only the cases for s = 2 is shown. Algo-
rithms for 3-MIN, 4-MIN, and 5-MIN are similar.

Algorithm 4.1 (2-MIN)
1) Let X be a set of variables for f .

1This method was originally developed for index generation functions [7],
[8]. We found this method is also effective for classification functions.



2) For all possible pairs {xi, xj} of variables in X , perform
the following operations while the number of variables
can be reduced.

3) Let X1 = X \{xi, xj}. When CD(f : X1) > 2, discard
this pair and return.

4) Let X3 = X1 ∪ {y1}, where y1 = xi ⊕ xj . If CD(g :
X3) = 1, then g can be represented as g(X3) = f(X),
and return. Otherwise, discard this pair, and return.

B. Examples

2-MIN: Consider the 4-variable functions in Fig. 4.1. The
upper chart shows that this function requires 4-variables, since
it has a collision in the column of (x1, x2, x3) = (0, 1, 1).
However, if we use 2-MIN to perform y1 = x1 ⊕ x4, the
elements in the bottom row are permuted as shown in the
lower chart, where the values of f(x1, a2, a3) are swapped
with that of f(x̄1, a2, a3) to avoid the collision. Thus, x4

becomes redundant.

0 0 0 0 1 1 1 1 x1 zw
0 0 1 1 0 0 1 1 x2 zw
0 1 0 1 0 1 0 1 x3 zw

0 3 1
x4 1 3 4 2 2 4

⇓
0 0 0 0 1 1 1 1 y1 = x1 ⊕ x4

0 0 1 1 0 0 1 1 x2 zw
0 1 0 1 0 1 0 1 x3 zw

0 3 1
x4 1 2 4 3 4 2

Fig. 4.1. Example of 2-MIN

3-MIN: Consider the 4-variable functions in Fig. 4.2. The
upper chart shows that this function requires 4-variables, since
it has a collision in the column of (x1, x2, x3) = (1, 1, 1).
However, if we use 3-MIN to perform y2 = x2 ⊕ x4, and
y3 = x3⊕x4, as shown in the lower chart, the elements in the
bottom row are permuted, where the values of f(a1, x2, x3)
are swapped with that of f(a1, x̄2, x̄3) to avoid the collision.
Thus, x4 becomes redundant. Note that, for this function, 2-
MIN cannot reduce the variable.

4-MIN: Consider the 4-variable functions in Fig. 4.3. The
upper chart shows that this function requires 4-variables, since
it has three collisions. However, if we use 4-MIN to perform
y1 = x1 ⊕ x4, y2 = x2 ⊕ x4, and y3 = x3 ⊕ x4, as
shown in the lower chart, the elements in the bottom row are
permuted, where the values of f(x1, x2, x3) are swapped with
that of f(x̄1, x̄2, x̄3) to avoid the collisions. Thus, x4 becomes
redundant. Note that, for this function, neither 2-MIN nor 3-
MIN can reduce the variable.

C. Amount of Memory and Computation Time

Since Algorithm 4.1 uses registered vector tables as a data
structure, the necessary memory size is O(nk), where n is the
number of variables, and k is the number of registered vectors.

0 0 0 0 1 1 1 1 x1 zw
0 0 1 1 0 0 1 1 x2 zw
0 1 0 1 0 1 0 1 x3 zw

0 4
x4 1 1 2 3 5

⇓
0 0 0 0 1 1 1 1 x1 zw
0 0 1 1 0 0 1 1 y2 = x2 ⊕ x4

0 1 0 1 0 1 0 1 y3 = x3 ⊕ x4

0 4
x4 1 1 5 3 2

Fig. 4.2. Example 3-MIN

0 0 0 0 1 1 1 1 x1 zw
0 0 1 1 0 0 1 1 x2 zw
0 1 0 1 0 1 0 1 x3 zw

0 1 2 3 4 5
x4 1 6 7 8

⇓
0 0 0 0 1 1 1 1 y1 = x1 ⊕ x4

0 0 1 1 0 0 1 1 y2 = x2 ⊕ x4

0 1 0 1 0 1 0 1 y3 = x3 ⊕ x4

0 1 2 3 4 5
x4 1 8 7 6

Fig. 4.3. Example of 4-MIN

The total number of combinations to select s variables out of
n variables is

(
n
s

)
. In the computation of the collision degrees,

the registered vectors are sorted. Using quick sort, the average
time to sort k objects is k log2 k. Thus, the CPU time2 is
proportional to k log2 k. Let s be a small constant (i.e., s =
2, 3, 4, 5), then the total CPU time is O(nsk log k).

V. ANALYSIS OF LINEAR TRANSFORMATIONS

This part analyses linear transformations using matrices.
Note that the computation of matrices is done in GF(2).
n = 2 : Linear transformations for n = 2 include

M1 =

(
1 1
0 1

)

and M2 =

(
1 0
1 1

)

.

M1 corresponds to

x1 ⇐ x1 ⊕ x2,

x2 ⇐ x2.

Note that M1M1 = (M1)
2 = I2, where I2 is the identity

matrix, and M2 = (M1)
T , i.e., M2 is equivalent to M1 if we

consider the permutation of variables (x1, x2). Thus, when
n = 2, the only transformation to consider is M1.
n = 3 : Linear transformations for n = 3 include

2Here, we assume that each object is represented by one word in the
computer.



A =

⎛

⎝
1 0 1
0 1 1
0 0 1

⎞

⎠ and B =

⎛

⎝
1 1 1
0 1 1
0 0 1

⎞

⎠ .

A is the simplest non-trivial linear transformation for n = 3,
and corresponds to

x1 ⇐ x1 ⊕ x3,

x2 ⇐ x2 ⊕ x3,

x3 ⇐ x3.

Note that A2 = I3, where I3 is the identity matrix.
B is another linear transformation that corresponds to

x1 ⇐ x1 ⊕ x2 ⊕ x3,

x2 ⇐ x2 ⊕ x3,

.x3 ⇐ x3.

Note that B4 = I3, so B is a generator of a cyclic group of
order 4.
n = 4 : Linear transformations for n = 4 include

C =

⎛

⎜
⎜
⎝

1 0 0 1
0 1 0 1
0 0 1 1
0 0 0 1

⎞

⎟
⎟
⎠ and D =

⎛

⎜
⎜
⎝

1 1 1 1
0 1 1 1
0 0 1 1
0 0 0 1

⎞

⎟
⎟
⎠

C is the simplest non-trivial linear transformation that
corresponds to

x1 ⇐ x1 ⊕ x4,

x2 ⇐ x2 ⊕ x4,

x3 ⇐ x3 ⊕ x4,

x4 ⇐ x4.

Note that C2 = I4, where I4 is the identity matrix.
D is another linear transformation that corresponds to

x1 ⇐ x1 ⊕ x2 ⊕ x3 ⊕ x4,

x2 ⇐ x2 ⊕ x3 ⊕ x4,

x3 ⇐ x3 ⊕ x4,

x4 ⇐ x4.

Note that D4 = I4, so D is a generator of a cyclic group of
order 4.
n = 5 : Linear transformations for n = 5 include

E =

⎛

⎜
⎜
⎜
⎜
⎝

1 0 0 0 1
0 1 0 0 1
0 0 1 0 1
0 0 0 1 1
0 0 0 0 1

⎞

⎟
⎟
⎟
⎟
⎠

and F =

⎛

⎜
⎜
⎜
⎜
⎝

1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1

⎞

⎟
⎟
⎟
⎟
⎠

.

E is the simplest non-trivial linear transformation that
corresponds to

x1 ⇐ x1 ⊕ x5,

x2 ⇐ x2 ⊕ x5,

x3 ⇐ x3 ⊕ x5,

x4 ⇐ x4 ⊕ x5,

x5 ⇐ x5.

Note that E2 = I5, where I5 is the identity matrix.
F is another linear transformation that corresponds to

x1 ⇐ x1 ⊕ x2 ⊕ x3 ⊕ x4 ⊕ x5,

x2 ⇐ x2 ⊕ x3 ⊕ x4 ⊕ x5,

x3 ⇐ x3 ⊕ x4 ⊕ x5,

x4 ⇐ x4 ⊕ x5,

x5 ⇐ x5.

Note that F 8 = I5, so F is a generator of a cyclic group of
order 8.

To find an efficient minimization algorithm, we have to
select the best linear transformations [4]. Since, B, D, and
F can generate more patterns than A, C, and E, respectively,
we thought that they might produce better solutions. However,
experimental results in Section VII showed that, in many cases,
B, D, and F , produced solutions with more variables than A,
C, and E, respectively. Thus, for the benchmark functions
in Section VII, A, C, and E are more suitable for s-MIN
algorithms.

VI. REVIEW OF EXISTING METHODS

Various methods to reduce the number of (compound)
variables in classification functions have been developed [9].
In this part, we briefly review three methods [6], [9], [10].

A. Minimization of Primitive Variables

This method reduces the number of primitive variables
without considering linear transformation. For each variable,
this method checks if a variable is necessary or not. And try to
select necessary variables in a greedy way. Since the order of
the selection of variables influence the quality of the results,
we use impurity measure [9] to select important variables. A
reduction of variables corresponds to reduce the depth of the
classification tree [1]. The impurity measure is used to order
the variables in the classification tree.

Algorithm 6.1 (ALG1: A reduction of primitive variables)
Given a classification table of a classification function f .

1) Compute the impurity measure μ(�ei) for i = 1, 2, . . . , n.
Note that �ei denotes the unit vector, where only the i-th
element is 1, and other elements are 0s.

2) Assume that μ(�ei) is the minimum. Let �a ← ei. �a shows
the set of selected variables.

3) Select a variable xj from the remaining set of variables,
so that the measure is minimized for the resulting
classification tree. Let �a ← �a ∨ �ej .

4) If μ(�a) > 0, then go to step 3, else stop.

The method is very fast. The memory size for the algorithm
is O(nk), where n is the number of input variables, and k is
the number of registered vectors.



B. Minimization of Compound Variables with Degree Two

This algorithm first generates all the compound variables
with degree two, and then selects necessary variables in
a greedy way using the impurity measure. The number of
compound variables is n(n − 1)/2. The size of memory for
the algorithm is O(n2k).

Algorithm 6.2 (ALG2: Reduction of compound variables
with degree two) This algorithm is similar to Algorithm 6.1.
In the registered vector table, append the compound variables
with degree two. Thus, the total number of variables is
n+

(
n
2

)
= (n+1)n

2 .

C. Iterative Linear Transformation using Difference Vectors

This method first generates the set of difference vectors Df ,
and then select linear transformations using Df , iteratively.

Definition 6.1 In a classification function f , let f(�a) �= f(�b),
where �a,�b ∈ D, �a �= �b, and D is the set of registered vectors.
Then, the vector �d = �a ⊕�b is a difference vector, where ⊕
denotes the bitwise EXOR operator. The set of all difference
vectors is denoted by Df .

Lemma 6.1 Let f : D → M, M = {0, 1, . . . ,m − 1} be
a classification function. Let |Df | be the number of distinct
difference vectors. Then,

|Df | ≤
∑

(i<j)

kikj ,

where i, j ∈ {1, 2, . . . ,m}, and ki is the number of vectors
�a ∈ D, such that f(�a) = i.

Algorithm 6.3 (ALG3: Reduction of Compound Variables )
1) Derive the set of difference vectors Df of an n-variable

function.
2) If |Df | = 2n−1, then stop, since reduction is impossible.
3) Obtain a non-zero vector �d ∈ Bn\Df with the minimum

weight3.
4) Remove one variable from �d, and apply the linear

transformation to the function.
5) Let n ← n− 1, and go to step 1. If n = 1, Stop.

The number of distinct difference vectors is O(k2). Thus,
the size of memory for the algorithm is O(nk2). It produces
very good solutions, but requires large memory size and much
CPU time.

VII. EXPERIMENTAL RESULTS

To investigate the performance of the s-MIN methods,
we reduced the compound variables for various benchmark
functions [9]. Table 7.2 shows the results. The first four
columns show the attributes of the function. The column
headed with Name shows the function name; the column
headed with n shows the number of variables in the original

3The weight of a vector is the number of 1’s in the vector.

function; the column headed with m shows the number of
classes; and the column headed with k shows the number of
the registered vectors. The fifth column headed with ALG1
shows the number of the primitive variables obtained by
Algorithm 6.1. The sixth column headed with ALG2 shows the
number of the compound variables with degree two obtained
by Algorithm 6.2. The column ALG3 shows the number of
compound variables obtained by Algorithm 6.3. The columns
headed with s-MIN (s = 3, 4, 5) show the number of variables
obtained by s-MIN when the transformation matrices are A, C,
E, respectively. The columns headed with s-min (s = 3, 4, 5)
show the number of variables obtained by s-MIN when the
transformation matrices are B, D, F , respectively. s-MIN and
s-min were applied to the results of ALG1.

The numbers in the bottom row of Table 7.2 show the
total numbers of variables. From these, we can observe the
tendency:

ALG1 > 2-MIN > ALG2 > 3-MIN >4-MIN � 5-MIN> ALG3.

Also, s-MIN produced solutions with fewer variables than s-
min.

Table 7.1 compares complexities of minimization algo-
rithms, where n is the number of variables in the original
function, and k is the number of registered vectors. ALG1
requires the shortest CPU time, while ALG3 requires the
longest CPU time, when k is large.

TABLE 7.1
COMPLEXITY OF REDUCTION ALGORITHMS

Algorithm Degree CPU Time Memory
ALG1 1 O(nk log k) O(nk)
ALG2 2 O(n2k log k) O(n2k)
ALG3 3+ O(nk2) O(nk2)
s-MIN 3+ O(nsk log k) O(nk)

VIII. AN APPLICATION AS A PRE-PROCESSOR

Table 7.2 shows that ALG3 obtains the best solutions.
Unfortunately, it is time-consuming for functions with large k,
as shown in Table 7.1. In this part, we use 3-MIN and 4-MIN
to reduce the total CPU time for MNIST 28×28 function. This
function represents a handwritten digits recognition circuit [2].
It has n0 = 784 variables, k = 59981 registered vectors, and
m = 10 classes. ALG1 yields n1 = 37-variable solution in 39

Fig. 7.1. Reduction of total CPU time for MNIST 28× 28.



TABLE 7.2
RESULTS OF LINEAR TRANSFORMATIONS

Function Data Number of Variables
Existing Methods New Methods

Name n m k ALG1 ALG2 ALG3 2-MIN 3-MIN 3-min 4-MIN 4-min 5-MIN 5-min
4350WORDS 75 14 4, 350 43 25 18 21 20 21 19 20 20 20
CHESS3196 75 2 3, 196 30 21 15 18 16 17 17 16 17 17
CIFAR 32× 32 1024 2 9, 930 58 30 19 25 22 24 21 23 21 22
COMPANIES 30 9 3, 700 21 19 18 20 19 20 19 19 19 20
CONNECT-4 126 3 67, 557 61 38 22 34 28 32 25 29 25 27
LETTER-RECOG. 256 26 20, 000 51 32 21 36 28 35 25 32 24 29
MNIST 14× 14 196 10 58, 191 45 29 25 32 28 29 27 29 27 28
MNIST 28× 28 784 10 59, 981 37 29 25 30 28 30 27 28 27 29
MNIST 2CLASS 784 2 59, 984 35 25 24 31 27 30 26 30 26 29
MNIST 8× 8 64 10 3, 686 23 19 17 20 19 20 19 20 19 20
NURSERY 27 5 12, 960 17 15 14 17 14 17 15 17 15 17
POKER 85 10 25, 010 61 37 21 43 23 37 24 29 24 28
RANDOM4000 30 4 4, 000 21 20 18 20 19 19 19 19 19 22
SPAM MAIL FILTER 128 2 20, 000 23 22 22 23 23 22 23 23 23 23
SPLICE 240 3 3, 174 18 17 15 18 17 18 18 18 17 18
Total 544 379 294 388 331 371 324 352 323 349

seconds. While, ALG3 yields an n3 = 25-variable solution in
2549 seconds, which is very time-consuming.

However, we can reduce total CPU time by using 3-MIN as
shown in Fig. 7.1. First, we apply ALG1 to obtain an n1 = 37-
variable solution. Second, we apply 3-MIN to obtain an n2 =
28 variable solution in 42 seconds. Third, we apply ALG3 to
obtain an n3 = 25-variable solution in 595 seconds.

When, we apply 4-MIN to the result of ALG1, we obtained
an n4 = 27 variable solution in 30 seconds. Then, we apply
ALG3 to obtain an n3 = 25-variable solution in 437 seconds.

The 3-MIN reduced both the number of input variables n,
and the number of distinct registered vectors k. This reduced
the number of distinct difference vectors. When we apply
ALG3 to the result of Algorithm ALG1, the number of distinct
difference vectors is 1,226,244,862.

However, when we apply ALG3 to the result of 3-MIN,
the number of distinct difference vectors is reduced to
258,383,446. Also, the number of variables is reduced from
37 to 28, and the number of the iterations in ALG3 is reduced
from 12 to 3.

On the other hand, when we apply ALG3 to the result of
4-MIN, the number of distinct difference vectors is reduced
to 134,086,094. Also the number of variables is reduced from
37 to 27, and the number of the iterations in ALG3 is reduced
from 12 to 2. In these ways, total CPU time to obtain a
minimal solution can be reduced.

We used a computer with an INTEL Core i9, 10900, 2.8GHz
CPU, and 64 GB main memory, on Windows 11.

IX. CONCLUSION

This paper presented s-MIN, minimization algorithms.
1) They are faster and require smaller memory than ALG3.
2) Experimental results using various benchmark functions

show that the average number of variables have tendency
that

2-MIN > 3-MIN > 4-MIN � 5-MIN.
3) In addition to s-MIN, we tested s-min that use different

linear transformations, but they produced inferior solu-
tions to s-MIN.

4) These algorithms are suitable for preprocessing for fur-
ther minimization.

ACKNOWLEDGMENTS

This work was supported in part by a Grant-in-Aid for
Scientific Research of the JSPS. The author thanks Prof. Jon
T. Butler and Dr. Alan Mishchenko for discussion. Reviewers
comments improved the presentation of the paper.

REFERENCES

[1] C. M. Bishop, Pattern Recognition and Machine Learning, Springer,
2006.

[2] Y. LeCun, L. Bottou, Y. Bengio and P. Haffner, “ Gradient-based
learning applied to document recognition,” Proceedings of the IEEE,
Vol. 86, No. 11, pp. 2278-2324, November 1998.

[3] E. I. Nechiporuk, “On the synthesis of networks using linear trans-
formations of variables,” Dokl. AN SSSR, vol. 123, no. 4, Dec. 1958,
pp. 610-612 (in Russian).

[4] T. Sasao, ”Linear transformations for variable reduction,” Reed-Muller
2011 Workshop, Tuusula, Finland, May 25-26, 2011.

[5] T. Sasao, Memory-Based Logic Synthesis, Springer, 2011.
[6] T. Sasao, “Linear decomposition of index generation functions,” 17th

Asia and South Pacific Design Automation Conference (ASPDAC-
2012), 2012, Sydney, Australia, pp. 781-788.

[7] T. Sasao, “A reduction method for the number of variables to represent
index generation functions: s-Min method,” ISMVL, May 18-20, 2015,
Waterloo, Canada, pp. 164-169.

[8] T. Sasao, Index Generation Functions, Springer, Oct. 2019.
[9] T. Sasao, Classification Functions for Machine Learning and Data

Mining, Springer Nature, Aug. 2023.
[10] T. Sasao, “Iterative linear transformation to reduce compound vari-

ables,” Workshop on Synthesis And System Integration of Mixed
Information technologies, (SASIMI-2024), March 11, Taipei, Taiwan.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize false
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Arial-Black
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /ComicSansMS
    /ComicSansMS-Bold
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FranklinGothic-Medium
    /FranklinGothic-MediumItalic
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Gautami
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /Impact
    /Kartika
    /Latha
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaConsole
    /LucidaSans
    /LucidaSans-Demi
    /LucidaSans-DemiItalic
    /LucidaSans-Italic
    /LucidaSansUnicode
    /Mangal-Regular
    /MicrosoftSansSerif
    /MonotypeCorsiva
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /MVBoli
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Raavi
    /Shruti
    /Sylfaen
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Tunga-Regular
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /Vrinda
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 200
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 200
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 400
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Required"  settings for PDF Specification 4.01)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


