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Abstract In this paper, we propose a compact representation of logic functions using Multi-valued Decision Dia-

grams (MDDs) that are called heterogeneous MDDs. The heterogeneous MDDs are generalization of MDDs with k

bits (MDD(k)s), where each variable may take different domain. By partitioning input variables and representing

each partition as a single multi-valued variables, we can produce the heterogeneous MDDs with 16% smaller amount

of memory than the Reduced Ordered Binary Decision Diagrams (ROBDDs), and with as small amount of memory

as the Free Binary Decision Diagrams (FBDDs). We minimized a large number of benchmark functions to show the

compactness of the heterogeneous MDD.

Key words heterogeneous MDD, ROBDD, MDD(k), FBDD, amount of memory, average path length, branch
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1. Í ÎÐÏÒÑÓÊÔ¨ÕÊÖ¨×¨ØÊÙ¨Ú¹Û¨Ü¦ÝßÞ¯àÊá¦â¯ãÊä¨å¹æ¨ç¯è¹éÊê
, ë ç°ì ,í´î Ù´ï

, ð�ñ·ò�óßô´õ�ö , ÷ à´ø´ù¦Ü´úßû�ü·ý�Þ ô¹þ´ÿ�� â .� ó���� , þ��	�
� úßû ü¿ý ó½ô´õ¦ó��¹ö��� Þ���� ö�� â������� ó������¹ÿ��������� á¦â .� ���!� ó������#"�$! ROBDD (Reduced Ordered Bina-

ry Decision Diagram) [6] ÿ&%('!)(�*�+ áIâ . , �.- ö ê ,/ è�0�1�2�3¨ç
MDD (Multi-valued Decision Diagram) 4 àá � � �5�6� ó6���7�546879�: â .

/ è
0717273�ç
MDD

ê
,

ROBDD ;�<>= Üßá¦ú¯û�ü ý , ?�@�;�<>A á�B¦ç�C ö�����ö��â
. D�� ,

� �
��� ó�ë�E B
F ì¿Ü �����G"�$� FBDD (Free

Binary Decision Diagram) [7], [8] ÿ!)H�I�J á¦â . , �K- ö�8
9�: â / èJ0�1�2�3¨ç MDD

ê
, FBDD "!L�M�N3ó úßû8ü ý ö

���¦ö�� â .O ó ��-¹ê , P 2 Q¹ö / è�0�1�2�3Êç MDD R�;�S � ó�T�óU�V�W 4�X ÜGY . P 3 Q�ö ê ,
/ è
0�1�2�3Êç

MDD
Þßà´á�â

Z N
46[�\ , P 4 Q�ö ê ,
Z N Þ6]�^�á �6_�` Ü / è50�172�3ç

MDD 4���� â�3�a
b¹ü�cÊé 4�8�9�: â .
� $� , P 5 Q�öd�e 4 àTá  / è�0�1�2�3¨ç MDD ó�f à�g 4�h�: .

2. i j k
,�QFö ê ,

/ èJ0K1�2�3¨ç
MDD (Multi-valued Decision Di-

agram) 4 V�W $ , l�m ï ��� ó!������4�h�: .
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2. 1 n�o�p�q�r�s�t� �.u.� 4 X = (x1, x2, x3, . . . , xn) "*: â . X ó uv� ów7x 4 {X} ö��7: . {X} = {X1} ∪ {X2} ∪ . . . ∪ {Xu} ?6@
{Xi} ∩ {Xj} = φ (i |= j) óy"6� , X = (X1, X2, . . . , Xu) 4
X ó6z7{|" á}Y . D7� Xi ó O "64�~ u�� "6�6� O "6�7� â .

|Xi| = ki (i = 1, 2, . . . , u) "I: â " , k1+k2+. . .+ku = n ö&�â
.
O ó�"!� � �v�!� f(X)

ê
f(X1, . . . , Xu) : P1 ×P2 ×P3 ×

. . .×Pu → B "����FöK� â .
O�O ö Pi = {0, 1, 2, . . . , 2ki −1},

B = {0, 1} ö�� â .

D���, ��- ö����G"	: â�� �
��� ê , � C¹Ü u�� 4���D Üßá
�¨ó�"�: â . ��� , � C¹Ü u�� ÿ������ , �����!��$� !R�'��Tó
"�: â .���

2.1� 5 @¹ó���� u�� X = (x1, x2, x3, x4, x5) ó�z�{ X =

(X1, X2) 46�5� â . X1 = (x1, x2), X2 = (x3, x4, x5) "�: â
" k1 = 2, k2 = 3 " Ü < , P1 = {0, 1, 2, 3}, P2 = {0, 1, . . . , 7}

" Ü]â .
O ó+"&� X1, X2

ê � �v�.� 4 � u.� , 8 � uv� 4
�.: . 5

uv� � �+�&�
f(X) 4 X1, X2 4 à]á  &�v�.: â "

f(X1, X2) : P1 × P2 → B " Ü¨â . (
��� < )

2. 2 ������������  MDD

BDD (Binary Decision Diagram), ROBDD (Reduced Or-

dered Binary Decision Diagram) ó V�W ê [6] 4 , MDD

(Multi-valued Decision Diagram), ROMDD (Reduced Or-

dered Multi-valued Decision Diagram) ó V.W:ê [11] 4&¡.¢ñ���� á .��V�W
2.1�¤£ ï u¥� X = (x1, x2, . . . , xn) 4 X =

(X1, . . . , Xu) "�z
{¦$���"�� ,
� �G���

f(X) 4��
�
: â
ROMDD 4 / èH0J1J2v3¦ç MDD " á3á ,

/ èH0
MDD "§7¨ : â . , ��- ö ê , ©�ª�ó��7� Þ , X ó�z�{�ö k1 = k2 =

. . . = ku óJ"!� ,
� �J�«�

f(X) 4!����: â ROMDD 4�¬ ûJ12�3¨ç
MDD " á´á , ¬ û MDD(k) D�� ê��Þ MDD(k) " §¨ : â .
O�O ö k = k1 = k2 = . . . = ku ö�� â .

¬ û MDD(k)
ê

f : P u → B,
/ è®0

MDD
ê

f :

P1 × P2 × . . . × Pu → B,
OJO ö P = {0, 1, . . . , 2k − 1},

Pi = {0, 1, . . . , 2ki − 1}, B = {0, 1} 4�����: â .��V�W
2.2�¯¬ û MDD(k) ö ê�°�±��ÊÕ Q�² ê 2k ³ ó�´
4�µ

@ . k = 1 ó�"�� , ¬ û MDD(1)
ê

ROBDD 4���: .��V�W
2.3� / è�0 MDD ö ê ,

u��
Xi 4!����: â!±��ÊÕ Q�²ê

2ki ³ ó�´�4�µ�@ .��V�W
2.4� DD (Decision Diagram)

Þ R á  ,
±��ÊÕ Q�²¹ó¶ � 4 DD ó�Q�² � " á¨á , node(DD) ">� ¨ : â .��V�W

2.5� u7� Xi

Þ R
· â DD ó6Q�² � 4 DD ó Xi

Þ R
· â�¸ " V�W $ , width(DD, i) ö���: .

z�{ (X1, X2, . . . , Xu)
Þ ��: â MDD ó�Q�² � ê ,

node(MDD) =

u∑

i=1

width(MDD, i)

ö�¹�º¦ö�� â .���
2.2� � �
��� f = x1x2x3 ∨ x2x3x4 ∨ x3x4x1 ∨ x4x1x2

4�����: â ROBDD 4�» 2.1(a)
Þ

, ¬ û MDD(2) 4�» 2.1(b)Þ
,
/ è�0

MDD 4�» 2.2
Þ h�: . » 2.1(a) ó ROBDD ö d�¼ê

1- ´ , ½ ¼¦ê 0- ´J4�h�: . D�� , » 2.1(b) ó�¬ û MDD(2) öê
X1 = (x1, x2), X2 = (x3, x4), » 2.2(a) ó / èJ0 MDD ö ê

X1 = (x1, x2, x3), X2 = (x4),
� $� �» 2.2(b) ó / è�0 MDDö ê X1 = (x1), X2 = (x2, x3, x4) ö�� â . (

��� < )

2. 3 ¾�¿�À�p�q�r�s�t� �+Á&Â ê
, Ã.Ä.l+m ï öv� â .

° m ï 4&Å.Æ Þ �.��: â
" , Ç5"ÉÈ Ý óÉÊ x , �7��ÿÉË
�y' Ü <Ì:5ÍÉÎ7Ï�ÿÉÐ á . Ñ�Ò
 ,
ù Ï8ó�Ó á ���v�°ó��J98ÿTðJÔ°öv� â . l#m ï ��� 4 ,

F = (f0, f1, . . . , fm−1) : Bn → Bm, B = {0, 1} " V7W : â .O7O ö , n
ê�� �5Á6Â ó6£ ï � , m

ê m ï � 46��: . , �7- ö

2x

1x

2x

3x 3x

4x

10

f

(a) BDD

f

1X

2X 2X

0 1

1,20

3

0,1,2 3
0 1,2,3

(b) ÕIÖ MDD(2)×
2.1 BDD Ø�Õ�Ö MDD(2)

Fig. 2.1 BDD and homo-MDD(2)

f

1X

2X

0 1

70,1,2,4
3, 5,6

0 1

(a) ÙÚÖJÛÝÜ!Þ!ßKà�á!â

f

1X

2X

0 1

7
0,1,2,4

3,5,6,7

0 1

2X
0,1,2,3,
4,5,6

(b) Ù�ÖvÛÝÜ!Þ«ãKà�á!â×
2.2 ä!å�æ MDD

Fig. 2.2 hetero-MDDs

ê
, SBDD (Shared Binary Decision Diagram) [18] 4 àFá  
lçm ï �&� 4��.�.: â . èv� BDD

ê
, é Þ&ê.V ÿ Ü á þç<

SROBDD (Shared ROBDD) 4�hG$ , ¬ û MDD(k) " / è
0
MDD

ê
,
O ó BDD ;�<�ë�ì8ñ������Êó�"�í V : â .

3. î|ï¥ð MDD ñ
òôó
�öõ�÷

3.1� X = (x1, x2, . . . , xn) ó u7�7ø7ù 4�ú V $6�y"�íV $���"!� , X ó!z�{¦ó ³ � ê 2n−1 Ã#<>û�ü�: â . ý þ 1 ÿ
Ñ�Ò� , MDD � 2n−1 ��� û�ü�: â .

O ó���?
� , ÷ à����Þ	��
  �_�` Ü / èJ0 MDD 4��ì�: â� Ô¦ÿ�� â . ,�Q¦ö ê ,

_�` Ü / èJ0 MDD 4��ì�: â ���¨ó ]�� " ÜÊâ Z N�4 á '�@
?�h�: .

3. 1 ��������öV�W
3.1�¤, ��- ö ê , DD 4 ú û8ü Þ��� : â ��� Þ�� Ô Ü�	��� � 4 ���!�"��" V�W : â .�öV�W
3.2� ���

f ÿ$#��5�	�5��"6� ,
ú û�ü ý ÿ6_�%�ó / è0

MDD 4 ��� f ó&�'������ MDD "���� .

RODD (Reduced Ordered Decision Diagram) ó ° Q�²y4
����: â~Þ~ê , (yE*),+ F�ç " ° ´:ó 3 �*- ç ÿ � Ôgö�� â .

BDD ó ° Q�² ê 2 ,¹ó�´�4���@���� , BDD ó.�Q�²�4�����:â ���Êó ú¯û ü ý¦ê ,

(2 + 1) × node(BDD)

ö7� â . MDD(k) ó ° Q7² ê 2k ,�ó�´546µ7@5��� , MDD(k)ó	.�Q�²J4�����: â ���Êó ú¯û°ü ý¦ê ,

(2k + 1) × node(MDD(k))

öK� â .
/ èv0

MDD ö ê u��0/ Þ ´ � ÿ21 Ü â .
/ èv0

MDDó	.�Q�²J4�����: â ���Êó ú¯û°ü ý¦ê
354

1 687:9<;>=@?BA , C<DBEGF>H>I<J>H>KBL>MON>PRQGS>T>U2V .

— 2 —



u∑

i=1

(2ki + 1) × width(
/ è�0

MDD, i)

ö�� â .���
3.1�¯» 2.1(a) ó BDD ó ú û°ü ý¦ê 18 ö�� â . » 2.1(b)ó MDD(2) ó ú¯û ü ý¦ê 15 ö�� â .

� $� �» 2.2(a) ó / èJ0
MDD ó ú¯û°ü ý3ê 12, » 2.2(b) ó / èJ0 MDD ó ú û°ü ý3ê
21 ö�� â . (

��� < )��V �
3.1�¤_W% / èy0 MDD ö ê , .y �óÉ~ u�� Xi = (xj ,

xj+1, . . . , xj+ki−1)
Þ R á  

(2ki + 1)width(
/ è�0

MDD, i)

<= 3 ×

ki−1∑

t=0

width(BDD, j + t)

ÿ�ì�Æ�: â .��V �
3.2�YX Þ n

u�� Þ	Z û�: â�� ���!� f 4�����: â / è0
MDD 4!�v� â .

/ èJ0
MDD

Þ�� Ô ÜTú ûIü ý 4 Mmin(n)

"�: â "
Mmin(n) >= 2.5n

ÿ�ì�Æ�: â .�\[
3.1�YX Þ n

u�� ÞZ û�: â�� ����� f 4�����: â / è�0
MDD 4���� â .

/ è�0
MDD ó	]�z_^�`�a Þ� Ô Ü´ú¯û�ü·ý

4 Msub =
∑u

i=j
(2ki + 1)width(

/ è�0
MDD, i) "�: â "

Msub >= 2.5nj

ÿ�ì�Æ7: â .
O�O ö nj

ê ]�zb^�`�a Þ �dc�� â ��� u�� ó �
4���: .��V �

3.3�YX Þ n
u�� ÞeZ û�: â�� ����� 4 f ">: â . f 4

����: â / è
0 MDD ó úßû�ü·ý 4 Mem(
/ è
0

MDD : f)

"�: â " , n > 1 ó�"��
Mem(

/ è�0
MDD : f) >= node(BDD) + 2

ÿ�ì�Æ�: â .�\[
3.2�YX Þ n

uK� Þ2Z ûK: â�� �v�«� 4 f "I: â . f 4«�K�
: â / è�0 MDD ó]�zb^�`�a Þ R�· â´úßû�ü ý 4 Memsub(/ è�0

MDD : f) =
∑u

i=j
width(

/ è50
MDD, i) "	: â " ,

nj > 1 ó�"!�
Memsub(

/ è�0
MDD : f) >=

nj∑

t=1

width(BDD, t) + 2

ÿ�ì�Æ7: â .
O�O ö nj

ê ]�zb^�`�a Þ �7� â �7� u7� ó � 4
��: .��V �

3.4�YX Þ n
u�� Þ	Z û�: â�� ���!� f 4�����: â / è0

MDD 4���� â . _�% / è�0 MDD ó ú û ü¿ý 4 Mmax(n)

"�: â " , è��¹ó �f ÿ�ì�Æ�: â .

Mmax(n) <= 2n−r + 3 · 22
r

− 5

O�O ö r
ê

, è��¦ó �f 4	g h�: â _�Ë¦ói � ö�� â .

n − r >= 2r + log23

3. 2 j k l� �m��V�W
3.3� DD

Þ R á  , nJ?v� �TÕ Q�²�D öTó�o Â 4 DD óB¦ç " á Y .
O ó�"�� B3çp ó ±��ÊÕ Q�² � 4 B¦ç�C " á Y .��V�W

3.4� DD
Þ R á  ,

B¹ç ÿ ±��´Õ Q7² vi 4�Ã�q�: â	r
Ï�4�Q�²�Ã�q r Ï#"�;�S , prob(DD, i) ö���: .

, ��- ö ê , è��¦ó�; Y·Ü ¹�º û ) a 4�í V : â .

•
° u7� ó�� Þ Ñ á , DD

p ó�Q7²
4	s â O "½ö � �
�6�ó ��� 4!X Y .
• MDD

ê
BDD

B +Bt � 1 4 ÷uc2v Þ , w0x d ��: â [11].
• MDD ó ° uv� Þ �®$K , yuzu{5ñ*�ç��£ ï �Iÿ&£ ïñ!� â .

� óJ�v�&£ ï �Ió u}|u~�� ê��}� öJ� â .
� �v� ,

X1 = (x1, x2, x3, x4) = (1, 0, 0, 1) ó�"�� ê , X1 = 9 ÿ�£ ï �
"�$� 	#J���>� â .

• MDD 4 à�á � � �
��� ó ��� ö ê , Q7²¹ó 3�Fe��ç�Þ�¹Ü ~_� 4 î × : .
• Q�²¦ó ��� ~_� ê .� ¯ò#$ á .O óJ"�� , DD ö����#$!� � ���!� ó ��� ~�� ê ,

3�F��¦ç $��±��¨Õ Q�²¦ó ³ � (
B¦ç�C

)
Þ��� : â . D�� , £ ï u�� xi

Þ
0

" 1 ÿßò r Ï¹ö�£ ï ñ�� â "�í V : â .
O ó�; Y·Ü í V ó!�¦ö ,

DD ó ��� ~!� 4	����� â ��� Þ����B¹ç!C 4ß÷ Y .

, ��- ö ê , l5m ï �6� ó6�7��� Þ SDD (Shared Decision

Diagram) 4 à á¦â . lJm ï �!� F = (f0, f1, . . . , fm−1) 4����
: â SDD ó ����B¹ç�C�ê ,

°��� m ï ��� fi 4�����: â DDó � ��B3ç�C ó x ¹¹ö�������� â [20].�ö�
3.2�¯» 2.1(a) ó BDD ó � ��B¹ç�C¹ê , 3.125 ö�� â . »

2.1(b) ó�¬ û MDD(2) ó ����B¹ç!C¦ê , 1.75 ö�� â .
� $� �»

2.2(a) ó / è�0 MDD ó ����B¹ç�C¹ê 1.375, » 2.2(b) ó / è0
MDD ó � ��B¦ç�C¹ê , 2 ö�� â . (

��� < )�öV �
3.5� DD ó �W�7Bgç6Cgê , Q�²7ÃWq r Ï�ó x ¹ Þ òô$á

[20].�öV �
3.6� � @�ó � �5��� 46�7�7: â BDD " / è50 MDD

4���� â "�� ,

(
/ èJ0

MDD ó � ��B¦ç�C ) <= (BDD ó ����B¦ç�C )

ÿ�ì�Æ�: â .

4. î|ï¥ð MDD ñb�����
,�Q¹ö ê , P 3.Q�ó Z N Þ�]�^¨á � / è�0 MDD _�`�{!� ÷ó V � {#" � ��4	��'����Êó 3�a
b¦ü�c¨é 4�h�: . � â Z N
4
_�` Þ : â ��ÿ , T�ó Z N�4�_�` Þ : â � ÞÊÜÊâ " ê þ
� Ü½á
��� ,

Z N�ª¹ó�_�`�{ 3�a�b¦ü�c¨é ÿ � Ô�" Ü¨â .

4. 1 � �!����r�& ' �
£ ï u�� ó ø�ù 4�ú V $��
"	í V : â " ,

/ è�0
MDD ó úû ü ý¹ê

, £ ï u�� X ó�z�{¹ó��� ÞZ û�: â .
� ó���� ���/ Þ

,
ú¯û8ü·ý 4�_�% Þ : â X ó�z�{�4���@�· â� Ô¦ÿ�� â .�ö�

4.1�¯» 2.2(a)
ê

, _!% / èH0 MDD öJ� â .
� � , »

2.2(b)
ê

,
ú¯û ü ý _�Ë¦ó / è�0 MDD ö�� â . (

��� < )úßû°ü·ý ó�_�% {!� ÷ 4	�¦ó�; Y Þ�V�� {�: â .� � ÷ 4.1� � �J�!� f 4!�K��: â BDD ÿ2#��J���v�J"!� , _
% / è�0 MDD 4��ì�: â u�� X ó�z�{�4�����; .

O�O ö , �ó BDD ó u���ø�ù ê u {#$ Ü á ">í V : â .

n
uK� � �v�*� 4*�K�K: â _K` / èv0 MDD 4«��� â Þ ê , 2n−1

³ ó / è�0 MDD 4��ìG$ ,
� ó���?
�>_�` Ü �Êó�4	����:��

��; á . n ÿ�%8ñ á "�� dTà ~�� � Þ �3ÿ��JD â . n ÿ!ËJ� á Êx Þ ê
,
O ó2�K� ê ~u� ÿK?�?v<<qvÍ â ó ö2�Fó 3!avbFü«c¨é 4

��9�: â . � ÷ 4.1 4	��'����Êó���¦ë ��� 4 3!a�b¹ü�c¨é 4.1Þ h7: .
O ó 36a5b�ü6c�é�ê z7´�þ V � (branch-and-bound)Þ�]�^ ' .� 3�a�b¹ü!c¨é

4.1� (
úßû8ü ý ó�_ %�{ )

1: Þ«ß�Ù�ÖJÛÝÜ = BDD à!Ù�ÖJÛÝÜ ;

2: minimize memory ( �! �à¢¡�£B¤�¥�à¢¦2¥ ,§ ¤�¥ Xi à<¨�©<ª�«¢¬¢ i, ®�¯�Ù�ÖvÛÝÜ ) {
3: if ( �! �à¢¡B£�¤�¥�à<¦�¥ == 0) {
4: if ( ®�¯�Ù�ÖvÛÝÜ < Þ!ß�Ù�Ö.ÛÝÜ ) {
5: Þ!ß�ÙIÖvÛÝÜ = ®�¯�ÙIÖJÛÝÜ ;
6: Þ!ß�°<±0²¢³�´ = µ�¶Kà¢³�´ ;
7: }
8: }
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9: else {
10: for (s = 1; s < �u Ià¢¡�£�¤�¥Kà¢¦�¥ ; s++) {
11: k = branch[s] ;
12: if ((2k + 1) × width(ä!å�æ MDD, i) >

3 ×
∑k−1

t=0
width(BDD, j + t))

13: continue ;

14: ®�¯�Ù�ÖJÛ Ü = ®�¯�Ù�ÖJÛ Ü
+ (2k + 1) × width(ä!åKæ MDD, i) ;

15: �� �à!Ù�Ö.ÛÝÜ = Þ!ß�Ù�ÖvÛÝÜ − ®2¯�Ù�ÖvÛÝÜ ;
16: �� �à¢¡�£B¤�¥�à¢¦2¥ = �u �à¢¡�£B¤�¥�à¢¦�¥ − k ;

17: if (memory size check (�! Ià¢¡2£�¤�¥�à¢¦2¥ ,�u �à!ÙIÖvÛÝÜ ) == Ù�ÖvÛ¸·!Ü�¹ ) {
18: µ�¶�à¢³�´ .ki = k ;
19: minimize memory ( �� �à¢¡2£�¤�¥�à>¦�¥ , i + 1,®2¯�Ù�ÖJÛÝÜ ) ;
20: }
21: }
22: }
23:}

24:memory size check (�! �à<¡�£2¤�¥�à¢¦�¥ , �� �à«Ù�ÖvÛÝÜ ) {
25: lower bound = max((2.5 × �� �à¢¡2£�¤�¥�à¢¦B¥ ),

(
∑n

t=j
width(BDD, t)+2)) ;

26: if (�! �à!Ù�Ö.ÛÝÜ < lower bound)
27: return Ù�ÖJÛ¸º�»2¼ ;
28: else
29: return Ù�ÖJÛ¸·!Ü0¹ ;
30:}

3�aJb¦ü�cTé
4.1
ê

, ~ u�� X1 ?�� ì +½ ¾!¿�E �¦Þ¨ú¯û°üý 4�¹�º|$ , _�`��
4	ÀÂÁ�: â .
ú½û�ü¿ý ÿeÃ�Ä7�bÅ_Æ�ÇdÈ	ÉÊeË�ÌeÍ Ã�Ä�ÎbÏeÐ Ñ�Ò_Ó�Ô�Õ , Öb×�Ø	Ã�Ä�Î Ê	ÙbÚeÛ	ÜÞÝ�ßÌeà!áeâ ãbä�å Ô Ê�æ	ç�è	é!Ìeà!êeë ì�í"î Ó . ï	ð_ñ Ý	ò�ó

4.1
Ì

11 ô,õ ê , ö ÷ (branch) Ïô!È å ç É!Ó .

ratio =
(2k + 1)width( ø�ù!ú MDD, i)

3 ×
∑k−1

t=0
width(BDD, j + t)

á�ûÞè ü�í_ý ÈbÓ k
äÞþ	ÿ�������� ö_÷ æ�ç É ý . �_Ô ,

12 ô õ ê , �
	 ß Ï���uÒ�ÓuÔ}Õ ���
� 3.1 Ï��uÉ ç É Ó .

memory size chech ����� (25, 26 ô,õ ) � ê���� 3.2, � 3.1,���
3.3, �bÅ���� 3.2 Ï���É ç É_Ó . � Ì ï	ðbñ Ýò�ó�ê� �!

4.1
�#" Ò!Ó û�$�à Ï�%�&�Ò�Ó . ï	ð�ñ Ýò ó�Ì ��	 ß�Ì Ð�È Ó

�� ê , '�( Ì*)�!,Ê Ò!Ó .

4. 2 +�,�-�.0/�102�3�4
ø ù�ú MDD

Ì�5�6�7�8�9�è
, :�;�<�� X

Ì ö�= Ì�>�?���@A Ò�Ó .
5�6�7�8�9 Ï û ü
� Ò�Ó X

Ì ö�= ê , X = X1, k1 = n

(1
ã!Ì#B <�� äbþ È�Óö�= ) ��C�Ó .

æ	ä_æ � ÌbÊË�Ì ø�ù!ú
MDD

ÌWÛ*Ü ÝRßbê
(2n + 1) × width( øWùdú MDD, 1)

Ê È
Ó .
ébÌ Ô�Õ�Db× þ�î Ô ÛÜ�ÝFE ß � 5�6�7G8�9_á	û�üÞÊ È�Ó

X
Ì ö�=_Ï â ã�H Ó*I�J á C�Ó .

5�6�7�8�9�û ü�KL �! Ï*M Ì
ÅON ���0P�K Ò_Ó .Q  *!

4.2RTS � ��� f Ï*U�V Ò_Ó BDD
ÊÛ	Ü,ÝFE�ß

L
á D

× þ�î Ô ÊeË ,
ÛeÜ�Ý�ßbá

L W0XG� ,
äeã05�6Y7�8#9�û�übÌ ø

ùdú MDD Ï�ZY[ÂÒbÓ�<Y� X
Ì öY=dÏ�\bÕÂÅ . �Y�Y� , ] Ì

BDD
Ì <�� ÿ�^_ê < K,æ È	É Ê`_0� Ò_Ó . �!

4.2 Ï àÞý Ô�Õ Ì�a0bLc�dfe Ï�ïð�ñ Ýò ó 4.2
�*g Ò . h

ïð_ñ Ý	ò�ó è�Ù�iL� ö ÷�j ��kL��l�mÞý .Q ï	ð!ñ Ý	ò�ó 4.2R (
5�607�8�9_Ìû ü0K

)

1: n�o�p�qsr�t�u = BDD v`psq�r�t�u ;

2: minimize path (w�x`v`y�zs{�|�v`}s| ,~ {�| Xi v`���`���`��t i, �����`����� , ����v�p�q�r�t�u ) {
3: if ( w�x�v`y�zs{s|�v`}�| == 0) {
4: if ( ����v`p�q�r�tsu < nso�psq�rst�u ) {
5: nso�p�q�r�t�u = ����v`p�qsr�t�u ;
6: nso��`���`��� = ����v`��� ;
7: }
8: }

9: else {
10: for (k = w
x`v�y�zs{�|�v`}�| ; k >= 1; k−−) {
11: �����`�
��� = �����`����� + (2k + 1)

× width(����� MDD, i) ;
12: w�x�v�������� = ��������� L − �����`����� ;
13: w�x�v`ysz�{s|�v`}�| = w�x`v�ysz�{�|�v`}�| − k ;

14: for (j = 0; j < width( ����� MDD, i); j++)
15: ����v`p�q�r�tsu = ����v`p�qsr�t�u

+ prob( ����� MDD, base address + j) ;

16: if (memory size check (w
x`v`y�z�{s|�v`}�| ,w�x`v�������� ) == �������s��� ) {
17: ����v`��� .ki = k ;
18: minimize path (w�x`v�y�z�{�|�v�}�| , i + 1,����������� , ����v`p�q�r�t�u ) ;
19: }
20: }
21: }
22:}

ï0ð�ñ Ý0ò}ó 4.2
è ï0ð�ñ Ý0ò}ó 4.1

Ê Ù�i��
,
B <�� X1ä þ����* ¢¡¤£Y¥§¦¤�dÛWÜ�Ý*ß � Å§� 5�6¢7�8�9 Ï§�¢	æ

,
û�$_à Ï0¨G©!ÒÞÓ . � ÌÞÊ�Ë05�6G7O809ÞÌ �G	 ê ,

�
�

3.5
��l�m É ç É,Ó . 15 ô�õ Ì�ªL«�¬LL®�¯ prob( ø�ù

ú MDD, base address+ j)
Ì ��	 ê , [20] Ï�°�± í<î Ô2É . �

Ô base address
ê

,
B <�� Xi

� � H Ó ª�«_Ì�²0³ ï e*´�8 Ïg æ$ç ÉbÓ . ï$ðbñ Ý$òÂó 4.2
ê§ �!

4.2
Ì*û�$Âà Ï�\bÕÂÓ á ,

�0	�µ�¶ ê ï	ð!ñ Ý	ò ó 4.1 Å_Æ¸· Ë É .

5. ¹»º½¼¿¾
5. 1 FBDD À�10Á�Â
U 5.1

ê
,
û�ü ø�ù!ú MDD

Ê
FBDD (Free BDD)

Ì�ÛÜ�Ý
ß � ÌsÃ�Ä�Å�Æ Ï g æ2ç ÉuÓ . U 5.1

Ì
OBDD (Ordered BDD)Ì�ª�« � ê [21], FBDD

Ì�ª�« � ê [7], [8] Å!Æ�Ç�Ô Å�Æ ��C�Ó .

øÂùbú MDD
ê

, � Ì OBDD ÅdÆÉÈ�[ æ Ô . � î�þ$Ì DD
ê

Ê�� ÷�Ï���É ç É�Ó0� Ê���Ë�Ì . �0Ô OBDD, FBDD
Ì�ÛÜ,Ý

ß!ê
ROBDD

Ì�Û�Ü�Ý"ß Ï�\�Õ Ó�Í PL� Å�Æ`��	 æ Ô . U�Î Ì
“µG¶ ”

ê
,
û�$�àbá \G��Ó0��� Ì CPU µ�¶�Ï*U æeç ÉbÓ . W

X Ì�Ï�Ð Ï*Ñ ã �0	0Ò0Ó�� ïeð!ñ Ýò�ó 4.1 Ï�Ô�Õ æ , CPU µ
¶�Ï�Ö ��æ Ô .

• CPU: Pentium III 1GHz
• 1 ML×0Ø ��Ù�Ú : 32KB
• 2 ML×0Ø ��Ù�Ú : 256KB
• Û ÛÜÞÝ : 4GB
• OS: redhat Linux 7
•
c�¥�70ÜLÝ

: gcc -O

��Ô , UGÎ Ì “
ÃY¯!Ì#506

”
ê

, OBDD
Ì�ÛÜ�Ý"ß Ï 1.00

Ê�æ
Ô ÊeË�Ì#Þ DD

Ì�ÛeÜÞÝ�ßbÌ*ÃY¯bÌ 	�ß 5�6 Ï g Ò . U 5.1 Å
Æ ,
û�ü ø�ù!ú MDD

ê
FBDD

Ê2Ù�à�á�Ì�Û�Ü�Ý"ß ��S � ���
Ï*U�V�� Ë Ó Ê É�×�Ó . � Ô , ï	ð�ñ Ý	ò ó 4.1

ê Ô��0µL¶�� �
200 :�; à�á_Ì ������� û0$ à Ï�\!Õ�Ó�� Ê	á � Ë Ô .

5. 2 BDD À�âLã MDD(k) À�1�Á�Â
U 5.2

ê
,
Þ�ä ø�ù�ú MDD

Ê
BDD, å Ü MDD(k) (k=2, 3,

4, 5)
ÊeÌ#Ã0Ä�ÅYÆ Ï g æ	ç É_Ó . � î þ	Ì DD

ê#Ê�� ÷bÏ��
É ç ÉdÈeÉ . ��Ô , � Ì Ô�æ ��ê U A.1

Ì�çè¥#é�êYdèë ���bÏ
��É ç�ì�í0¦ È Ã�Ä Ïeô å Ô . U 5.2

Ì ø ùbú MDD1
ê

, ïeð
ñ Ý*ò}ó 4.1

� Å�Æî\�ÕWÔ ûWü øWù�ú MDD ��C�Æ , øuù�ú
MDD2

ê
, ïðbñ Ýeò�ó 4.2

� ÅbÆ¸\bÕ�Ô 5�607G8*9�û�übÌ ø
ùbú MDD (BDD

Ì ÛeÜÞÝ�ß Ï#ÓGj ) ��C�Ó . U 5.2
Ì�Þ Î ê ,

BDD
Ì ÛÜ,Ý�ß Ï 1.00

Ê æ Ô Ê	Ë Ì 	0ß 5�6 Ï�U�Ò .

ø ù_ú MDD
ê�506Þæ	ç

, BDD
Ì�ï

84%
Ì�ÛÜÞÝ�ß ��Ô�V

� Ë Ó . ð � , ��� ex1010 Ï�UYVÂÒbÓ$øÂùbú MDD
ê

, BDDÌ*ï
46%

Ì�ÛÜÞÝ"ß �*Ô�V�� Ë Ô .

ø ù�ú MDD
ê

, BDD
ÊÙ_ÚÛ�ÜÞÝ"ß ��Ô�V�Ò�Ó Ê ,

5�6�7
8#9 Ï BDD Å_Æ ,

506Þæ	ç*ï
58%

� Ò!Ó0� Ê	á � Ë Ó . ��ÔÛeÜ�Ý�ß�û�übÌ ø�ùbú MDD � è ,
5�607G8*9bê

BDD
Ì#5�6
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ñ
5.1 ��������n�o�v`����� MDD ò FBDD v��`�����só�v`ôsõ

Table 5.1 Amount of memory for hetero-MDDs and FBDDs

ö�÷�ø�ùsú | �`�����û |�ü y�zs| ý`z�| OBDD FBDD OBDD FBDD ����� MDD þ�ÿ [sec]

C432 36 7 1063 1057 3189 3171 2910 0.02
C499 41 32 25865 25865 77595 77595 59739 0.94
C880 60 26 4052 2798 12156 8394 11934 0.01
C1908 33 25 5525 5047 16575 15141 13493 0.04
C2670 233 64 1771 1062 5313 3186 4805 427.62
C3540 50 22 23827 20999 71481 62997 65198 0.01
C5315 178 123 1718 1478 5154 4434 4855 0.01
C7552 207 107 2159 1594 6477 4782 6462 –
alu4 14 8 349 300 1047 900 855 0.00
apex1 45 45 1245 1177 3735 3531 3117 0.01
apex6 135 99 490 455 1470 1365 1437 0.01
cps 24 102 970 902 2910 2706 2568 0.00
dalu 75 16 688 649 2064 1947 1574 0.01
des 256 245 2944 2902 8832 8706 7589 126.77
frg2 143 139 961 920 2883 2760 2773 0.01
i3 132 6 132 132 396 396 332 0.02
i8 133 81 1275 1190 3825 3570 3825 0.00
i10 257 224 20659 18813 61977 56439 58861 –
k2 45 45 1245 1136 3735 3408 3119 0.00
too large 38 3 318 286 954 858 859 0.03
vda 17 39 477 467 1431 1401 1088 0.00

ô���v`p�q 1.00 0.90 0.89

–: 3600 ��ó�������x
ñ

5.2 	�
s�s��� MDD ò BDD, �`� MDD(k) ò`v`ô�õ
Table 5.2 Comparison with various hetero-MDDs, BDDs, and

homo-MDD(k)s

DD �`�
��� p�qsr�t�u
BDD 1.00 1.00����� MDD1 0.84 0.69����� MDD2 0.97 0.58�`� MDD(2) 1.08 0.69�`� MDD(3) 1.54 0.53�`� MDD(4) 2.39 0.50�`� MDD(5) 4.10 0.46

7G8*9 W�X � È�Ó . ïeðbñ Ýeò ó 4.2
ê

, Ô���µG¶�� � 60 :0;à�á_Ì �*����� Ìû�$�à Ï*\!Õ Ó�� Êá � Ë Ó .

6. ¼�����������
hYS��è� ê , øÂùdú�����ï 8 MDD (Multi-valued Decision

Diagram) Ï#�WÉdÔ#S � ��� Ì UYV k Ï���� æ Ô . �ÂÔ ,
Û$Ü

ÝRß �dÅ � 5Y6§7¢8#9 Ï ûÂü§K Ò ÓWÔÂÕ Ì ï$ð ñ ÝeòWó Ï��
� æ ,

  ú � Ý�ó Ï#Ô�Õ æ Ô .
i"! È çè¥#é0êYdGë ��� �*" æç ÔYæ Ï*ôdÈ*É , øWù ú MDD
� � æ*ç WYX Ì � Ê Ï g�æ Ô .

1) FBDD (Free BDD)
ÊeÙ*à�ábÌ�ÛeÜÞÝ�ß �	ø�ù_ú MDD Ï

Z�[�� Ë Ó . 2) BDD
Ì

84%
Ì0ÛÜ�Ý¢ß � ,

ä�ã
69%

Ì�5�6�7
8�9 Ï�Ñ ã ø ù_ú MDD Ï�Z0[L� Ë Ó .

ð � , ø�ùbú MDD
ê <Y� ÿ�^ Ï*<ÂÐ�ÒdÓ0� Êeè ,

Ê�� ÷bÏ
��É�Ó�� Ê�è È ý BDD

Ì
84%

Ê É N¸Ç�ÈÉ Û�Ü�Ý¢ß ��Ô�V��Ë Ó . ��Ô ,
û�ü0K�  ú#� Ý�ó�è FBDD

�*Ã#$ % & � ,
Þ ' �

õ ¦��)(ÞÚ Ô û0$ Èø�ù!ú MDD Ï Ã�Ä�¦0E+*�� Z�[L� Ë Ó .

��Ôeø�ùdú MDD
ê

, , -�µG¶/. 0 á [4], [22] 1 û · 7�8�9
Ï/2 á�Ê æeç ��É ,

é�îÞþ#�*" ÒbÓ û�$0K Ï	ô_È�NÉ� Ê	è430Ð
��C�Ó .

h0S5�L�4� g,æ Ô�ïð!ñ Ýò ó ê 200 :�; à�á ��� Ì ��� �"�æ�ç0êû�$�à Ï�D�× Ó .
é�î7698 · Ë É
��� ��" æç�ê , ö�÷

j �0k Ï���É ç ÉbÓ Ô�Õ ,
$": È#µL¶��*��	_Ï4;"</=bÓ0� Ê*�678

, > b�à Ï�\uÕ�Ó�� Ê2á � Ë Ó . h�S5�
� ê :�;�<�� Ì�ÿ�^

ê ?���æç É!Ó . :�;�<�� Ì	ÿ0^_Ì <�Ð��0� Ï/@+A � : î Ô û$�à Ï�\bÕ�Ó�Ô�Õ ��ê , ï	ðbñ Ý	ò�ó�Ì/B"C 1#D â0¦ E�k!Ì @
�_ÈGF á I�J Ê È Ó . � î��ã É ç ê '�( Ì4H+I�)0!,Ê Ò!Ó .
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ê

,
éuîml}î S�Gn4o�Ì :0;�� , p�;��_Ï�U�Ò . q+r�� Ì �#s ê , t ��@ A Ò�Ó

<Y� Ì kY�dÏ�UWÒ . ��Ô�UèÎ Ì sequential Wvu Ì çè¥�é�êYdë ��� ê , h#w ,
ÿ�^"n4o Ï*U0V�Ò_Ó0�*���0C�Ó .

æäbæ
, h0S

�L� ê , x í+y"n)o_ÌÍ Ï "+zÞÊ æç É!Ó Ì � ,
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Table A.1 Benchmark Functions

û |�ü n m
û |sü n m

û |�ü n m

3adr6 18 (18) 12 i1 25 (25) 16 radd 8 (8) 5
5xp1 7 (7) 10 ibm 48 (48) 17 rckl 32 (32) 7
9sym 9 (9) 1 in0 15 (15) 11 rd53 5 (5) 3
C432 36 (36) 7 in1 16 (15) 17 rd73 7 (7) 3
C499 41 (41) 32 in2 19 (19) 10 rd84 8 (8) 4
C1355 41 (41) 32 in3 35 (34) 29 rdm16 16 (16) 16
C1908 33 (33) 25 in4 32 (32) 20 rdm17 17 (17) 17
C3540 50 (50) 22 in5 24 (24) 14 rdm18 18 (18) 18
accpla 50 (50) 69 in6 33 (33) 23 rdm8 8 (8) 8
add6 12 (12) 7 in7 26 (26) 10 risc 8 (8) 31
addm4 9 (9) 8 inc 7 (7) 9 root 8 (8) 5
adr2 4 (4) 3 inc16 16 (16) 17 rot16 16 (16) 9
adr3 6 (6) 4 inc17 17 (17) 18 rot17 17 (17) 9
adr4 8 (8) 5 inc18 18 (18) 19 rot18 18 (18) 10
adr8 16 (16) 9 intb 15 (15) 7 rot8 8 (8) 5
adr9 18 (18) 10 jbp 36 (36) 57 ryy6 16 (16) 1
al2 16 (16) 47 k2 45 (45) 45 sao2 10 (10) 4
alcom 15 (15) 38 l8err 8 (8) 8 sct 19 (19) 15
alu1 12 (12) 8 lal 26 (26) 19 seq 41 (41) 35
alu2 10 (10) 6 life 9 (9) 1 sex 9 (9) 14
alu3 10 (10) 8 linrom 7 (7) 36 shift 19 (19) 16
alu4 14 (14) 8 log16 16 (16) 16 signet 39 (39) 8
amd 14 (14) 24 log17 17 (17) 17 spla 16 (16) 46
apex1 45 (45) 45 log18 18 (18) 18 sqn 7 (7) 3
apex2 39 (30) 3 log8 8 (8) 8 sqr6 6 (6) 12
apex3 54 (54) 50 log8mod 8 (7) 5 sqr8 8 (8) 16
apex4 9 (9) 19 luc 8 (8) 27 sqr16 16 (16) 32
apex7 49 (49) 37 m1 6 (6) 12 sym4 4 (4) 1
apla 10 (10) 12 m2 8 (8) 16 sym6 6 (6) 1
b2 16 (15) 17 m3 8 (8) 16 sym10 10 (10) 1
b3 32 (32) 20 m4 8 (8) 16 t1 21 (21) 23
b4 33 (33) 23 m181 15 (15) 9 t2 17 (17) 16
b7 8 (8) 31 mainpla 27 (26) 54 t3 12 (12) 8
b9 41 (41) 21 mark1 20 (20) 31 t4 12 (11) 8
b10 15 (15) 11 max46 9 (9) 1 t481 16 (16) 1
b11 8 (8) 31 max128 7 (7) 24 table3 14 (14) 14
b12 15 (15) 9 max512 9 (9) 6 table5 17 (17) 15
bc0 26 (21) 11 max1024 10 (10) 6 tcon 17 (17) 16
bca 26 (16) 46 misex1 8 (8) 7 term1 34 (34) 10
bcb 26 (16) 39 misex2 25 (25) 18 ti 47 (43) 72
bcc 26 (16) 45 misex3 14 (14) 14 tial 14 (14) 8
bcd 26 (16) 38 misg 56 (56) 23 tms 8 (8) 16
bcddiv 4 (4) 4 misj 35 (35) 14 too large 38 (38) 3
bench 6 (6) 8 mlp4 8 (8) 8 ts10 22 (22) 16
bench1 9 (9) 9 mlp6 12 (12) 12 ttt2 24 (24) 21
br1 12 (12) 8 mlp8 16 (16) 16 unreg 36 (36) 16
br2 12 (12) 8 mlp9 18 (18) 18 vda 17 (17) 39
bw 5 (5) 28 mlp10 20 (20) 20 vg2 25 (25) 8
c8 28 (28) 18 mp2d 14 (14) 14 vtx1 27 (27) 6
cc 21 (21) 20 mux 21 (21) 1 wgt17 17 (17) 5
chkn 29 (29) 7 my adder 33 (33) 17 wgt18 18 (18) 5
cht 47 (47) 36 newapla 12 (12) 10 wim 4 (4) 7
clip 9 (9) 5 newapla1 12 (12) 7 x1 51 (51) 35
clpl 11 (11) 5 newapla2 6 (6) 7 x1dn 27 (27) 6
cm150a 21 (21) 1 newbyte 5 (5) 8 x6dn 39 (38) 5
co14 14 (14) 1 newcond 11 (11) 2 x9dn 27 (27) 7
comp 32 (32) 3 newcpla1 9 (9) 16 xor5 5 (5) 1
con1 7 (7) 2 newcpla2 7 (7) 10 xparc 41 (39) 73
cordic 23 (23) 2 newcwp 4 (4) 5 z4 7 (7) 4
count 35 (35) 16 newill 8 (8) 1 sequential
cps 24 (24) 109 newtag 8 (8) 1 s27c 7 (7) 4
dc1 4 (4) 7 newtpla 15 (15) 5 s208c 18 (18) 9
dc2 8 (8) 7 newtpla1 10 (10) 2 s298c 17 (17) 20
dekoder 4 (4) 7 newtpla2 10 (10) 4 s344c 24 (24) 26
dist 8 (8) 5 newxcpla 9 (9) 23 s349c 24 (24) 26
dk17 10 (10) 11 nrm4 8 (8) 5 s382c 24 (24) 27
dk27 9 (8) 9 nrm8 16 (16) 9 s386c 13 (13) 13
dk48 15 (15) 17 nrm9 18 (18) 10 s400c 24 (24) 27
duke2 22 (22) 29 opa 17 (17) 69 s420c 34 (34) 17
ex1010 10 (10) 10 p1 8 (8) 18 s444c 24 (24) 27
ex5 8 (8) 63 p3 8 (8) 14 s510c 25 (25) 13
ex7 16 (16) 5 p82 5 (5) 14 s526c 24 (24) 27
exam 10 (10) 10 pcle 19 (19) 9 s641c 54 (54) 42
exep 30 (28) 63 pcler8 27 (27) 17 s713c 54 (54) 42
exp 8 (8) 18 pdc 16 (16) 40 s820c 23 (23) 24
exps 8 (8) 38 pm1 16 (16) 13 s832c 23 (23) 24
f51m 8 (8) 8 pope 6 (6) 48 s1196c 32 (31) 32
fout 6 (6) 10 poperom 6 (6) 48 s1488c 14 (14) 25
frg1 28 (28) 3 prom1 9 (9) 40 s1494c 14 (14) 25
gary 15 (15) 11 prom2 9 (9) 21
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